Interferences, bound states, and entanglements are the typical nonclassical phenomena predicted by quantum mechanics. In this paper, we propose a nonclassical effect in particles' geodesic motion. Within the limitation of linear gravitational potential, the positional average of freely fallings predicted by quantum mechanics is same to that by Newtonian mechanics. So that, the time-dependent positional average is regarded as the geodesic motion of microscopic particles ensemble. However, considering the high orders of nonlinear gravitational potential we show that, there exists distinction between the time-dependent positional averages predicted by quantum and classical mechanics. Such distinction arises from the dynamical coupling between the trajectory and the diffraction of particles' wave packet, and results a new phase shift in atom interferometers, which depends on the positional and momentum uncertainties of the incident wave packets. * zhangmiao079021@163.com †
I. INTRODUCTION
By using some modern techniques, such as the neutron interferometer [1], atom interferometer (AI) [2] [3] [4] , and optical atomic clocks [5] [6] [7] , gravity near Earth's surface has been measured very precisely. Using AI, the gravitational acceleration is measured with a small uncertainty of
. Using optical atomic clocks, the gravitational time dilations due to the height change of less than 1 meter were observed [5] . In addition to interference, the bound state in potentials is also a typical nonclassical effect predicted by quantum mechanics. Serval experiments [8] [9] [10] have demonstrated such phenomena in gravitational potential via the reflecting neutrons above the solid-material surface. Einstein Equivalence Principle (EEP) is the basis of general relativity, and there are no experimental evidences for EEP violation [11] [12] [13] . However, string theories and some phenomenological gravity theories predict EEP violation, see, e.g., [14] [15] [16] and the references they cited. Recently, scientists planned to measure gravity in space mission, which allows a very long freely falling time for the test particles [17] [18] [19] [20] . The sensitivities of gravity measurements perhaps reach up to 10 −15 g [21, 22] .
The calculations for phase shifts in AI are usually limited within the uniform gradient of gravity [23] [24] [25] [26] [27] [28] . For the greater curvature of gravity [29] , the results would be interesting, not only of interference but also the average position of atoms. Same to Coulomb force, Earth's gravity is also the central force, so that the orbital radius of a particle moving around Earth may be "discrete" [30] . This implying there exists perhaps some nonclassical effects of average position of freely falling bodies on Earth's surface. As the " quantum numbers" of the particles above Earth's surface are extremely large, the " atomic eigenstate" should be useless for solving the trajectory of a particle released from some local regions.
In this article, we solve Schrödinger equation of the freely falling body by perturbatively expanding its gravitational potential up to the order of x 3 via Taylor's series, with x being the dynamical height of particle above Earth's surface. Due to such nonlinear potential, the positional average of particle is coupled with its uncertainties during the process of free falling. Therefore, the time-dependent positional average is beyond the classical statistics because the initial probability-distributions of position and momentum of the coherent particles can be nonclassical.
We further investigate the AI with the correction of x 3 -potential, and show, there exists a phase which couples with atomic momentum uncertainty and increases as time as t 4 . Our results have perhaps theoretically useful for the gravity test in future space mission. Where, the times of freely falling are usually considered long.
This article is organized as follows. In Sec. II, by using Newtonian equation (and Schrödinger equation) we calculate the time-dependent position (and positional operator) of a freely falling particle in gravitational potential with the nonlinear corrections up to the order of x 3 . The obtained solution of positional operator takes the same form to that of the classical trajectory in the space-time coordinates system. The distinction between quantum and classical mechanics arises just from the initial states of particle. In Sec. III, we regard the released harmonic oscillators as the freely falling bodies, and use the quantum pure states of the cooled harmonic oscillators to calculate their positional average in the process of freely fallings. It is shown that the positional averages are mass-dependent due to the minimum uncertainty relation. In Sec IV., we study the path-dependent phase in AI with the correction of x 3 -potential, and show that, there exists a phase shift relating to the initial uncertainty of incident atoms. Alternatively, we propose using the nonuniform magnetic field to simulate the nonuniform gravitational field for experimental demonstrating the predicted x 3 -effects. Finally, we present our conclusions in Sec. V.
II. THE POSITIONAL OPERATOR
In classical mechanics, analytically solving the distance (between test particle and the source of central force) as a function of time is not trivial, which refers to the inverse radial Kepler equation [31] . In what follows, we approximately solve the dynamical position of free falling body by expanding the gravitational potential above earth's surface as
Here, the terms of higher than (x/R) 2 and the constant −GM/R are neglected. The R ≈ 6.4 × 10 6 m is Earth's radius, and x is the height of test particle (with mass m) above Earth's surface.
The g = GM/R 2 ≈ 9.8 m/s 2 is the well-known gravitational acceleration at Earth's surface, with G ≈ 6.67 × 10 −11 N · m 2 · kg −2 and M ≈ 6 × 10 24 kg being the gravitational constant and Earth's mass, respectively.
With potential (1), the Newtonian equation for freely falling bodies is a nonlinear second-order differential equation
which can be approximately solved, by expanding x as
Inserting such series into Newtonian equation results
Eq. (4) describes the free fall in the uniform gravitational field. Its solution is well-known:
with x i and v i being the initial position and velocity of free falling body. Inserting such solution into Eq. (5), one can find
and further
According to the obtained x 0 , x 1 , and x 2 , we have the classical solution
Where the time-dependent parameters are:
The above parameters are rather tedious. However they can be verified by the numerical computations of the exact Newtonian equation that our analytic solutions are in good agreement with the numerical ones within the limit of short time, i.e., v i t/R ≪ 1 and σ ≪ 1.
Based on the above perturbation theory, we can solve the quantum mechanical results. The quantized Hamiltonian of free fall with potential (1) readŝ
wherep is momentum operator satisfying the canonical quantization of [x,p] =xp −px = i .
According to Schrödinger equation the time-dependent state of particle can be written as |f = exp(−itĤ/ )|i with an initial state |i . Therefore, the time-evolution of any observable quantity i|Ô t |i is determined by the operatorÔ
Using the commutators [p 2 ,x] = −i2 p and [φ,p] = i ∂ x φ, the canonical equations of positional and momentum operators are obtained,
They take the same forms to the classical canonical equations dx/dt = p/m and dp/dt = −m∂ x φ.
Moreover, one can find d
which takes also the same form to the Newtonian equation (2). Therefore, by using the similar approach for Eq. (10), the time-dependent positional operator is obtained,
Where,v =p/m is the velocity operator. Such definition is nothing but shows very obvious the correspondence between classical and quantum mechanics. Indeed, if one replacesx andv by x i and v i respectively, Eq. (20) exactly reduces to the classical solution (10) . Furthermore, by using the obtained positional operatorx t one can easily calculate the time-dependent momentum operatorp t via the canonical equation (17) .
Note that the operatorx t can be also solved by directly using the Taylor expansion about t.
According to Eqs. (17) , (18) , and (19), we have
Where, the terms of higher than 1/R 2 were neglected, which is consistent with the approximation in potential (1). Using the above results, the time-dependent positional operator is obtained again,
Certainly, the equation of operator is very like to that of the classical solution. However, the measured results would be different, becausevx +xv = 2vx = 2xv for example. Note that, there exists "exact solution" if the gravitational potential is cut off at x 2 , i.e., φ = gx − gx 2 /R. By using the same procedure for calculating (26) , one can findx t = cosh(tη)
. However, it has no nonlinear terms about operators (same to the situation of the standard harmonic potential). This is why we consider the Taylor This implies that the motions of particle do depend on its mass, otherwise the correspondence principle does not hold.
III. THE POSITIONAL AVERAGE
In quantum mechanics, particle's position is uncertain and identified usually by the average value i|x t |i . According to Eq. (26), we have
with x c being the classical solution (10). The last three terms, δ
, and δ xv = i|xv+vx|i −2 i|x|i i|v|i , are the quantum mechanical corrections to the trajectory of particles ensemble. Once the initial state |i is given, the result of Eq. (27) Considering harmonic oscillator is cooled in the vacuum state |0 , so that i|x|i = i|v|i = 0, i|x 2 |i = /(2mω), i|v 2 |i = ω/(2m), and i|xv +vx|i = 0. The position and velocity satisfies the minimum uncertainty relation δ x δ v = /(2m). Removing instantaneously the optical trapping, atom is released as a freely falling body. Assuming the initial state of such particle is still |0 , so that the quantum mechanical correction in equation (27) is solved as
It is mass dependent due to the minimum uncertainty relation, and results a phenomena of EEP violation.
Note that, the initial harmonic oscillator can be prepared in various superposition states such as the coherent state, squeezed coherent state, and the squeezed vacuum state [32] . Simply considering a superposition state |i = c 0 |0 +c 1 |1 +c 2 |2 of probability-amplitudes c 0 , c 1 , and c 2 , we have
Here, Re(z) and Im(z) are respectively the real and imaginary parts in complex number z. As we expected, i|xv+vx|i = 2 i|x|i i|v|i . For the ensemble of classical particles, one can denote P (x i ) and P (v i ) the probabilities of finding particles at position x i and velocity v i , such that the average values of positions, velocities, and the product
respectively. Obviously, x i v i + v i x i = 2x ivi , which is different from the quantum-mechanical result, i|xv +vx|i = 2 i|x|i i|v|i . This indicates that the average position of free fallings with the nonlinear potentials can not be simply explained by using the classical particles ensemble.
IV. THE ATOM INTERFEROMETER
In experiments, the gravity of atom is usually measured by AI. In such device, atom moves simultaneously along serval separate paths to arrive the detector. In the uniform gravitational field, the paths-dependent interferometric phase can be independent with the initial position, initial velocity, and the mass of atom. This allows scientists to test gravity with very high precisions. However, the interferometric phase shall become very complex when the nonlinear gravity is presented.
In principle, the atomic initial motions can not be completely eliminated. Usually, the mathematical derivations for AI's interferometric phase are based on Feynman path integral [33, 34] . In what follows, we derive the interferometric phase by using the so-called Zassenhaus formula [35, 36] : Thus, the Zassenhaus formula has many applications in quantum mechanics.
A. The perturbation theory for atom interferometer
In the standard AI, see, Fig. 2 , three laser pules are applied to probabilistically change atomic momentum by k, with k being the effective wave vector of the laser pulses. The atom in the "up"-path undergos four changes: (a) the momentum suddenly increasing due to the laser scattering at time t i , (b) freely falling with a duration of t = t j − t i , (c) momentum suddenly decreasing by the second laser pulse at t j , and (d) the freely falling in stage t = t f − t j . So that, the state-evolution of the "up"-atom is written as
The operator exp(±ikx) describes the momentum sudden-changes due to the laser scattering, and
is the evolution operator of the free fall of Hamiltonian (15) . There exists a probability that atom moves along the "down"-path, i.e., the laser induced momentum increasing and decreasing appear at the times t j and t f , respectively. So that, we write the state-evolution for the "down"-path as
The | ↑ -atom and | ↓ -atom move both toward to the detector, resulting an interferometric signal of ↓ | ↑ + c.c., with
Using the relationÛ (t)Û † (t) =Û † (t)Û(t) = 1 and the solutionÛ † (t)xÛ (t) =x(t) in Sec. II, we further write (32) as
In term of 1/R, the positional operator was perturbatively expanded asx(t) =x 0 (t) +x 1 (t)/R + x 2 (t)/R 2 . Thex 0 (t),x 1 (t), andx 2 (t) are respectively the quantized forms of the classical functions (7), (8), and (9); by the changes x i →x, v i →v, and x i v i → (xv +vx)/2 to the classical functions. As a consequence, we further expand the exponent as
by using the Zassenhaus formula. Here,
with
In the above Zassenhaus formula, the terms with the higher orders than 1/R 2 have been neglected, as well as that in Sec. II.
Using formula (34) , the exponents-product in formula (33) is written aŝ
In the laser line of the present equation, we used the identities:
The first result from Eq. (37) is θ 0 = gkt 2 , the well-known phase generated by the uniform gravity. If one completely neglects the corrections of the order 1/R 2 , Eq. (35) reduces tô
As a consequence, the operatorK reduces tô
The phase θ ′ is due to the gravity gradient 2g/R, and independent on the initial state |i of the incident atom. In refs. [24, 25] , there still exists a phase relating to the initial velocity of the incident atom. For that, we Taylor expand the exp[i2kgt 2 (x +vt)/R], and consequently,
Indeed, the phase (imaginary part) refers to atomic initial velocity v i = i|v|i .
B. The momentum uncertainty induced phase shift and the gravity simulation
In term of 1/R and 1/R 2 , we write the formula (35) 
, because the outcomes of such commutators are on the order of 1/R 3 . As a consequence,K ≈K 1K2 , witĥ
Here, θ ′′ is a c-number and thus depends not on the initial state of atom, as well as the phase 
Taylor expanding the exponential operator in i|K 2 |i , one can find a phase which depends on the momentum and positional uncertainties of the incident state |i . This is a new effect different from that of gravity gradient. Note that, the very complex calculations for θ ′′ , µ, and ν are unnecessary, because they do not generate any new effects different from K 1 . In our thought experiment, an additional manipulation (before the standard AI) is applied to change the momentum uncertainty of incident atom, by a weak Kapitza-Dirac scattering of atom in the standing light [37] [38] [39] .
Such manipulation does not change the central position and the central momentum of the incident wave packet. Therefore, the momentum (velocity) uncertainty due to the additional manipulation results a phase
Numerically, assuming the uncertainty i|v 2 |i = 0.1 k/m and k/m = 10 −2 m/s, we have θ mu ≈ 8t 4 × 10 −12 , with m = 10 −25 kg. Certainty, measuring such a shift of interferometric phase is difficult in practical experiments of t ≈ 1 s. However, we can use electromagnetic force to simulate gravity for experimentally demonstrating the predicted effects from x 3 -potential.
Consider a magnetic field, B = e n µ 0 I/[2π(r + x)], that generated by a dc current I along the vertical direction. Here, µ 0 is the permeability of vacuum, e n is the unit vector normal to the plane of I and r + x. Same to that in gravitational potential, r + x is the distance between atom and current, and x the dynamical position of atom. Therefore, within the limitation x ≪ r, the potential energy of atom in the nonuniform magnetic field can also be expanded as However, considering the nonlinear gravitational potential up to the order of x 3 , the quantum mechanical prediction for the dynamical positional average of the microscopic particles ensemble can be different from that of the classical statistics. The evolution of positional average (and the acceleration) is mass-dependent, because it coupled with the diffraction of particle's wave packet during the freely falling. Thus, the path-dependent phase in atom interferometer is also coupled with the momentum and positional uncertainties of freely falling atom. The momentum uncertainty induced effects increase as time as t 4 . For demonstrating the predicted nonlinear effects in a simple way, the force of atoms moving in the nonuniform magnetic field is proposed to simulate gravity.
